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Problem 4.55

(a) Use the recursion formula (Equation 4.76) to confirm that when ℓ = n− 1 the radial wave
function takes the form

Rn(n−1) = Nnr
n−1e−r/na,

and determine the normalization constant Nn by direct integration.

(b) Calculate ⟨r⟩ and ⟨r2⟩ for states of the form ψn(n−1)m.

(c) Show that the “uncertainty” in r (σr) is ⟨r⟩/
√
2n+ 1 for such states. Note that the

fractional spread in r decreases, with increasing n (in this sense the system “begins to look
classical,” with identifiable circular “orbits,” for large n). Sketch the radial wave functions
for several values of n, to illustrate this point.

Solution

Part (a)

Equation 4.76 is on page 147.

cj+1 =
2(j + ℓ+ 1− n)

(j + 1)(j + 2ℓ+ 2)
cj (4.76)

It’s the recursion relation for the coefficients in the radial wave function.

Rnℓ(r) =
1

r
ρℓ+1e−ρv(ρ) (4.75)

=
1

r
ρℓ+1e−ρ

∞∑
j=0

cjρ
j

=
1

r

(
r

na0

)ℓ+1

e−r/(na0)
∞∑
j=0

cj

(
r

na0

)j

Set ℓ = n− 1 in the function.

Rn(n−1)(r) =
1

r

(
r

na0

)(n−1)+1

e−r/(na0)
∞∑
j=0

cj

(
r

na0

)j

=
1

r

(
r

na0

)n

e−r/(na0)
∞∑
j=0

cj

(
r

na0

)j

=
1

nnan0
rn−1e−r/(na0)

∞∑
j=0

cj

(
r

na0

)j
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Set ℓ = n− 1 in the recursion relation.

cj+1 =
2(j + ℓ+ 1− n)

(j + 1)(j + 2ℓ+ 2)
cj

=
2[j + (n− 1) + 1− n]

(j + 1)[j + 2(n− 1) + 2]
cj

=
2j

(j + 1)(j + 2n)
cj

Solve for cj by writing out the first few terms until a pattern becomes apparent.

c1 =
2(0)

(0 + 1)(0 + 2n)
c0 = 0

c2 =
2(1)

(1 + 1)(1 + 2n)
c1 = 0

c3 =
2(2)

(2 + 1)(2 + 2n)
c2 = 0

...

cj = 0, j ̸= 0

As a result, the infinite series in the radial wave function terminates right away.

Rn(n−1)(r) =
1

nnan0
rn−1e−r/(na0)

∞∑
j=0

cj

(
r

na0

)j

=
1

nnan0
rn−1e−r/(na0)

[
c0

(
r

na0

)0

︸ ︷︷ ︸
= c0

+ c1

(
r

na0

)1

︸ ︷︷ ︸
= 0

+ c2

(
r

na0

)2

︸ ︷︷ ︸
= 0

+ · · ·
]

=

(
c0
nnan0

)
rn−1e−r/(na0)

= Nnr
n−1e−r/(na0)

Nn is a normalization constant.
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The normalization of the stationary states requires that

1 =

�

all space

|Ψnℓm(r, θ, ϕ, t)|2 dV =

�

all space

|Rnℓ(r)Y
m
ℓ (θ, ϕ)Tn(t)|2 dV

=

� π

0

� 2π

0

� ∞

0
|Rnℓ(r)|2|Y m

ℓ (θ, ϕ)|2|e−iEnt/ℏ|2 (r2 sin θ dr dϕ dθ)

=

� π

0

� 2π

0

� ∞

0
|Rnℓ(r)|2|Y m

ℓ (θ, ϕ)|2 (r2 sin θ dr dϕ dθ)

=

[� ∞

0
r2|Rnℓ(r)|2 dr︸ ︷︷ ︸

= 1

][� π

0

� 2π

0
|Y m

ℓ (θ, ϕ)|2 sin θ dϕ dθ︸ ︷︷ ︸
= 1

]
,

which means

1 =

� ∞

0
r2|Rn(n−1)(r)|2 dr

=

� ∞

0
r2

[
N2

nr
2(n−1)e−2r/(na0)

]
dr

= N2
n

� ∞

0
r2ne−2r/(na0) dr.

Use tabulated integration-by-parts to evaluate the integral.
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Consequently,

1 = N2
n

[ = 0︷ ︸︸ ︷(
−na0

2

)
r2ne−2r/(na0)

∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n)

(
n2a20
4

)
r2n−1e−2r/(na0)

∣∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n)(2n− 1)

(
n3a30
8

)
r2n−2e−2r/(na0)

∣∣∣∣∞
0

− · · ·

− (2n)!
n2n+1a2n+1

0

22n+1
r0e−2r/(na0)

∣∣∣∣∞
0

]

= N2
n(2n)!

n2n+1a2n+1
0

22n+1
.

Solve for N2
n.

N2
n =

(
2n

nnan0

)2 2

na0(2n)!

Take the square root of both sides.

Nn =
2n

nnan0

√
2

na0(2n)!

Part (b)

Calculate ⟨r⟩ for the stationary state Ψn(n−1)m.

⟨r⟩ =
⟨Ψn(n−1)m | r |Ψn(n−1)m⟩
⟨Ψn(n−1)m |Ψn(n−1)m⟩

=

�

all space

Ψ∗
n(n−1)mrΨn(n−1)m dV

�

all space

Ψ∗
n(n−1)mΨn(n−1)m dV

=

�

all space

[
Rn(n−1)(r)Y

m
n−1(θ, ϕ)e

iEnt/ℏ
]∗
r
[
Rn(n−1)(r)Y

m
n−1(θ, ϕ)e

iEnt/ℏ
]
dV

1

=

� π

0

� 2π

0

� ∞

0
r|Rn(n−1)(r)|2|Y m

n−1(θ, ϕ)|2(r2 sin θ dr dϕ dθ)

=

� ∞

0
r3|Rn(n−1)(r)|2 dr

[� π

0

� 2π

0
|Y m

n−1(θ, ϕ)|2 sin θ dϕ dθ︸ ︷︷ ︸
= 1

]

= N2
n

� ∞

0
r2n+1e−2r/(na0) dr
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Use tabulated integration-by-parts again to evaluate the integral.

Therefore,

⟨r⟩ = N2
n

[ = 0︷ ︸︸ ︷(
−na0

2

)
r2n+1e−2r/(na0)

∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n+ 1)

(
n2a20
4

)
r2ne−2r/(na0)

∣∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n+ 1)(2n)

(
n3a30
8

)
r2n−1e−2r/(na0)

∣∣∣∣∞
0

− · · ·

− (2n+ 1)!
n2n+2a2n+2

0

22n+2
r0e−2r/(na0)

∣∣∣∣∞
0

]

= N2
n(2n+ 1)!

n2n+2a2n+2
0

22n+2

=

(
2n

nnan0

)2 2

na0(2n)!
(2n+ 1)!

n2n+2a2n+2
0

22n+2

=
2

na0
(2n+ 1)

n2a20
22

⟨r⟩ = na0
2

(2n+ 1).
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Calculate ⟨r2⟩ for the stationary state Ψn(n−1)m.

⟨r2⟩ =
⟨Ψn(n−1)m | r2 |Ψn(n−1)m⟩
⟨Ψn(n−1)m |Ψn(n−1)m⟩

=

�

all space

Ψ∗
n(n−1)mr

2Ψn(n−1)m dV

�

all space

Ψ∗
n(n−1)mΨn(n−1)m dV

=

�

all space

[
Rn(n−1)(r)Y

m
n−1(θ, ϕ)e

iEnt/ℏ
]∗
r2

[
Rn(n−1)(r)Y

m
n−1(θ, ϕ)e

iEnt/ℏ
]
dV

1

=

� π

0

� 2π

0

� ∞

0
r2|Rn(n−1)(r)|2|Y m

n−1(θ, ϕ)|2(r2 sin θ dr dϕ dθ)

=

� ∞

0
r4|Rn(n−1)(r)|2 dr

[� π

0

� 2π

0
|Y m

n−1(θ, ϕ)|2 sin θ dϕ dθ︸ ︷︷ ︸
= 1

]

=

� ∞

0
r4

[
N2

nr
2(n−1)e−2r/(na0)

]
dr

= N2
n

� ∞

0
r2n+2e−2r/(na0) dr
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Use tabulated integration-by-parts again to evaluate the integral.

Therefore,

⟨r2⟩ = N2
n

[ = 0︷ ︸︸ ︷(
−na0

2

)
r2n+2e−2r/(na0)

∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n+ 2)

(
n2a20
4

)
r2n+1e−2r/(na0)

∣∣∣∣∞
0

−

= 0︷ ︸︸ ︷
(2n+ 2)(2n+ 1)

(
n3a30
8

)
r2ne−2r/(na0)

∣∣∣∣∞
0

− · · ·

− (2n+ 2)!
n2n+3a2n+3

0

22n+3
r0e−2r/(na0)

∣∣∣∣∞
0

]

= N2
n(2n+ 2)!

n2n+3a2n+3
0

22n+3

=

(
2n

nnan0

)2 2

na0(2n)!
(2n+ 2)!

n2n+3a2n+3
0

22n+3

=
2

na0
(2n+ 1)(2n+ 2)

n3a30
23

⟨r2⟩ = n2a20
2

(2n+ 1)(n+ 1).
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Part (c)

The uncertainty in r for the stationary state Ψn(n−1)m is therefore

σr =
√
⟨r2⟩ − ⟨r⟩2

=

√
n2a20
2

(2n+ 1)(n+ 1)−
[na0

2
(2n+ 1)

]2

=

√
n2a20
4

(2n+ 1)(2n+ 2)− n2a20
4

(2n+ 1)2

=

√
n2a20
4

(2n+ 1)2
(
2n+ 2

2n+ 1
− 1

)

=
na0
2

(2n+ 1)

√
2n+ 2

2n+ 1
− 1

= ⟨r⟩
√

(2n+ 2)− (2n+ 1)

2n+ 1

= ⟨r⟩
√

1

2n+ 1

σr =
⟨r⟩√
2n+ 1

.

The radial wave functions with ℓ = n− 1 are given by

Rn(n−1)(r) = Nnr
n−1e−r/(na0)

=
2n

nnan0

√
2

na0(2n)!
rn−1e−r/(na0), n = 1, 2, 3, . . .

=
2n

nna0

√
2

na0(2n)!

(
r

a0

)n−1

exp

[
− 1

n

(
r

a0

)]
,

where a0 ≈ 5.29× 10−11 m is the Bohr radius.
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They’re graphed below for several values of n.
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